A modeling study was carried out to provide a description of the critical current distribution of bent multifilamentary Bi2223/Ag/Ag alloy superconducting composite tape samples. In the modeling, the difference between the tensile fracture strain of the Bi2223 filaments along the sample length under no residual strain and residual strain was used as a unifying parameter for the description of the damage evolution. The unifying parameter was treated to be different from sample to sample and also from position to position in each sample. The statistics of the unifying parameter were combined with the shape of the core and exerted tensile strain of the Bi2223 filaments, from which the relation of the heterogeneous damage evolution to the distribution of the critical current was formulated. The proposed model was applied to the reported data of 33 samples of the round robin test of VAMAS (Versailles project on advanced materials and standard)/TWA16 (Technical working area 16, superconducting materials) in 2000-2001. The reported distributions of the critical current of the bent-damaged samples were described well by the present model.
Nomenclatures ε
Axial tensile strain ε f Tensile fracture strain of the filaments in the axial direction ε r Thermally induced residual strain of the filaments in the axial direction ε f − ε r Unifying parameter (ε f − ε r ) irr Value of unifying parameter at outermost filaments (ε f − ε r ) i Value of unifying parameter at the damage front in the core of the sample bent by ε B,i . ε B Bending strain ε B,i Bending strain (i = 0.4, 0.6, 0.8 and 1.0%) 6 Author to whom any correspondence should be addressed. x-dependent position of the boundary of the core (filament zone)
Introduction
As superconducting composite tapes are subjected to mechanical and electromagnetic stresses during fabrication and operation, the deformation/fracture behavior and its influence on the critical current have been investigated extensively .
Concerning the dependence of the critical current of Bi2223 composite tape on the applied strain, the following features, which are common for applied tensile and bending strains, have been revealed. (i) The reduction in critical current starts at the irreversible strain ε irr at which the damage of the Bi2223 filaments takes place.
Beyond the irreversible strain ε irr , the critical current decreases with increasing applied strain due to the damage evolution [2, 8, 13, 18, 22, [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] .
(ii) The damage takes place heterogeneously within a filament [25] . Also the damage evolution behavior is different from filament to filament within a sample and from sample to sample [15, 17, 20, 22, 29, [31] [32] [33] . Namely, high and low strain-tolerable regions coexist within a sample, and the spatial distribution of such regions is different among the samples. Accordingly, the ε irr -value and critical current beyond the ε irrvalue are different from sample to sample.
A method for the description of the damage-induced distribution of critical current of the bent samples has, however, not been constructed until now, despite its importance for reliability estimation and safety design. The aim of the present work is to propose a model for the description of the critical current distribution of bent-damaged Bi2223 composite tape samples and to apply the model to the experimental results. The present approach has the following features.
(1) Figure 1 (a) shows the optical micrograph of the transverse cross-section of the sample, which was used as the common sample (VAM1) in the round robin test [12, 21, 24] of VAMAS (Versailles project on advanced materials and standard)/TWA 16 (Technical working area 16, superconducting materials) in 2000-2001. When figure 1(a) is enlarged by three times in the thickness direction, the shape of the superconducting core (the region in which the Bi2223 filaments that transport the superconducting current are embedded in Ag) is clearly detected, as shown in figure 1(b). The shape of the core, shown with a broken curve in (b), is complex. In the modeling for a description of the critical current-bending strain relation, the shape of the core has been approximated to be rectangular [22, 27, 32] as schematically shown in figure 2(a). Such a model is noted as model R (rectangular model) in this work. Recently, the authors [33] attempted to incorporate the actual shape of the core in the modeling, as schematically shown in figure 2(b), and found that the measured average critical current-bending strain relation could be described well by such a modeling. This new model is noted as model S (shape-incorporated model). In the present work, first, the analysis of average critical current-bending strain relation will be carried out for both models R and S, and the difference and similarity between them will be clarified. (2) The damage evolution under bending is different from sample to sample [29, [31] [32] [33] and from location to location within a sample [29, 31, 32] . In the present work, models R and S will be extended as to incorporate the heterogeneous damage evolution, based on which the distribution of the critical current among a number of bent samples will be described from the statistical viewpoint. (3) The Bi2223 filaments embedded in the bent composite tape are damaged by the exerted tensile strain along the sample length [22, 32, 33] . Thus the tensile strain, at which the damage takes place in the Bi2223 filaments, is the key factor. Such a tensile strain is given by ε f − ε r [15, 22, 30, 32, 33] , where ε f is the tensile fracture strain of Bi2223 filaments under no residual strain and ε r is the residual strain of the Bi2223 filaments in the sample length direction, which arises during cooling due to the difference in coefficient of thermal expansion among the constituents (Bi2223, Ag and Ag alloy) [2, 9, 11, 15, 18, 20, 22, 26, 27, 30, 32, 33] . In the present work, ε f − ε r will be used as a unifying parameter for the description of the damage extension. The ε f − ε r -value will be treated as a variable, being different among and within the samples, and it will be analyzed statistically, from which the critical current distribution of the damaged samples will be derived. (4) The distribution of critical current is affected by the distribution of the ε f −ε r -value and also by the geometrical factors such as the shape of the core and thickness of the sample, which are, more or less, different from sample to sample. In the present work, the geometrical factors will be taken to be common for all test samples. Therefore, the influence of the deviation of geometry of each sample from the employed model is included in the estimated distribution of the unifying parameter ε f − ε r . In other words, the value of ε f − ε r used in the present work is not a pure mechanical parameter. On this point, the present approach is empirical. However, it should be noted that it is not easy, and much work is needed to identify the geometrical factors for all test samples by a nondestructive method. From the viewpoint of application, an approach that needs statistical data both for geometrical and mechanical factors is not practical. The present unifying parameter approach, which uses the statistics of the geometrical factor-affected mechanical parameter ε f − ε r in an empirical manner, will be demonstrated to be a practically useful tool for the description of the distribution of the critical current (sections 4.2 and 4.3) and the distribution of the irreversible bending strain (section 4.4). (5) Models R and S will be applied to the reported data of 33 samples of the round robin test [12, 21, 24] of VAMAS/TWA 16. The results of the round robin test contain (a) the distribution of critical current which the samples have originally and (b) scatter in skill and apparatus of the participants. In the present work, in order to diminish the influence of (b) on the result, the normalized critical current I c /I c0 (I c is the critical current at 0 to 1.0% bending strains and I c0 is the initial critical current at 0 % bending strain) was used for analysis. The I c /I c0 -value was damage-controlled, as will be shown in section 2.2, and the reported distribution of I c /I c0 was well described by the heterogeneous damage model based on the present unifying parameter approach, as will be shown in section 4.2. Such a result implies that the scatter stemming from (b) was diminished in the I c /I c0 -value while it might affect the respective I c -value and I c0 -value.
Experimental procedure of the round robin test
and the reported critical current-bending strain relation of 33 samples
Sample and experimental procedure
In the round robin test of VAMAS/TWA 16 [12, 21, 24] , the test samples named as VAM1 had width 3.7 mm and thickness 0.27 mm on average [12] . The cross-section has been shown in figure 1 . The bending strain was applied to the sample at room temperature using a pair of an upper die and a lower die with a same curvature. First the sample was put on the lower die and pushed down with the upper die, and then it was sandwiched between the dies. The assembly was cooled down to 77 K, at which point the critical current was measured under a 1 μV cm −1 criterion in a self magnetic field for a voltage probe distance 30 mm. The bending strain ε B was raised from zero to 1.0% in steps of 0.2% by using six sets of pair dies with the curvatures corresponding to ε B = 0, 0.2, 0.4, 0.6, 0.8 and 1.0%. Details of the test procedure have been given in [12, 21, 24] . Figure 3 shows the reported change of the normalized critical current I c /I c0 with increasing bending strain ε B for 33 samples [24] . Figure 4 shows the change of average, standard deviation and coefficient of variation (COV = standard deviation/average) of I c /I c0 with increasing ε B . Figure 5 shows the plot of I c /I c0 against I c0 . The following features are read from figures 3-5.
Features of the reported critical current-bending strain relation
(1) Evidently, the reported I c /I c0 -ε B curves are different from sample to sample (figure 3). (2) The average critical current (I c /I c0 ) ave of the 33 samples remains at 1 (unity) at 0.2% and decreases beyond 0.4% (figures 4(a)). This suggests that the average irreversible strain ε B,irr,ave is in the range from 0.2 to 0.4%. As shown later in section 4.1, it was estimated to be 0.29% for model S, which is imposed in figure 4 for reference. The standard deviation and COV increase slightly at 0.2%, greatly at 0.4%, and then increase again but slightly (figures 4(b) and (c)). The large increase in COV at 0.4% beyond the irreversible strain is attributed to the damage evolution. among the samples at ε B = 0.4-1.0% is responsible for the distribution of I c and I c /I c0 . (4) In order to examine whether I c /I c0 , which reflects the damage extent, is dependent on the initial critical current I c0 or not, the I c /I c0 -values at ε B = 0.2-1.0% were plotted against the I c0 -values at ε B = 0% (figure 5). The result showed that the I c /I c0 -values at any ε B are almost independent of I c0 . This implies that the extent of the mechanical damage had no correlation to the initial critical current within the present samples.
Under such features, the following model is proposed for the description of the change of distribution of I c /I c0 with ε B .
Modeling

Formulation of the shape of the superconducting core in the cross-section
The damage of the Bi2223 filaments existing in the core causes the reduction in critical current. The shape of the core of the sample is shown with the broken curve in figure 1(b). In the present work, the sample width direction was taken as x, the sample thickness direction as y and the center of the transverse cross-section as x = y = 0, as shown in figure 6 . For model R (figures 2(a) and 6), the shape of the core was approximated as a rectangle, as shown by ABCD in figure 2 (a). The x-and y-positions of boundary of the core, x sc and y sc , respectively, were expressed by equations (1)- (4). The length unit is the millimeter.
AB: y sc = 0.0918 for −1.76 x 1.76 (1) BC: x sc = 1.76 for −0.0918 y 0.0918 (2) CD: y sc = −0.0918 for −1.76 x 1.76 (3) DA: x sc = −1.76 for −0.0918 y 0.0918. (4) For model S (figures 2(b) and 6), in order to formulate the shape of the core (ABCDEFGH in figure 2(b) ), the y-position of boundary of the core, y sc , was expressed as a function of x with the following ninth-order polynomials, as in our preceding work [33] . for −0.017 < x < +1.76
EFGHA: symmetry of rotation of ABCDE. The broken curve in figure 1(b) shows the calculation result for model S. As the thickness (y) direction of the optical micrograph is three times enlarged, the calculation result in the y-direction is also three times enlarged in figure 1(b) . The maximum value of y sc , y sc,max , corresponds to the y-position of the outermost filaments that are damaged first when the bending strain ε B reaches the irreversible strain ε B,irr , as shown in figure 6 . The y sc,max -value in model R, y sc,max (R), was 0.0918 mm, and that in model S, y sc,max (S), was 0.117 mm.
Modeling for the description of irreversible strain, ε B,irr
In the modeling of the present work, it was assumed that (i) the damage progresses only in the y-direction and (ii) the shift of the neutral axis is negligible. On these points, the present model is not rigid from the mechanical viewpoint. The assumption (i) is considered to be not far from the actual situation since the exerted strain on the filaments varies largely with position. Concerning assumption (ii), the shift of the neutral axis may influence the reduction in critical current at high bending strain. In practice, as will be shown later in figure 9 , the measured value of (I c /I c0 ) ave at ε B = 1% deviated slightly from the (I c /I c0 ) ave -ε B curve analyzed by model S, while the (I c /I c0 ) ave -ε B curve up to ε B = 0.8% was described very well. Such a deviation at ε B = 1% might be attributed to the shift of the neutral axis. It is, however, noted that the experimentally measured (I c /I c0 ) ave at ε B = 1% was 0.69 and the calculated value was 0.67. The difference was small. This suggests that the assumptions (i) and (ii) are not far from the actual situation, at least for the present samples bent up to 1%.
The bending strain ε B is defined as the tensile strain at the outer surface at y = t/2, where t is the thickness of the sample (0.27 mm). If there were no residual strain, the tensile strain ε of Bi2223 filaments strain at y in the sample length direction in the composite is given by
In practice, the Bi2223 filaments have residual strain ε r (compressive and therefore a minus value). Thus the exerted strain of the filaments at y in the bent specimen is expressed as [22, 32, 33] 
which is rewritten as
Denoting the fracture strain of the filaments under no residual strain as ε f and the damage front as y f , and substituting ε = ε f and y = y f into equation (9), we have y f as a function of ε B in the form
in which the unifying parameter ε f − ε r is included. The first damage takes place at y f = y sc,max (R) when ε B reaches ε B,irr (R) in model R and at y f = y sc,max (S) when ε B reaches ε B,irr (S) in model S, as schematically shown in figure 6 . Substituting . Schematic representation of the relation of the tensile strain distribution in the thickness (y) direction to the damage front location (y max , y f,i and y f,i+1 at ε B = ε B,irr , ε B,i and ε B,i+1 , respectively), (a) under a constant ε f − ε r -value, being independent of location, and (b) under varying ε f − ε r -value, being distributed within the sample and dependent on location.
y f = y sc,max and ε B = ε B,irr into equation (10), we have the irreversible strain ε B,irr .
As y sc,max (R) (0.0918 mm) is smaller than y sc,max (S) (0.117 mm), ε B,irr (R) is higher than ε B,irr (S). When ε B is raised beyond the irreversible strain ε B,irr , the damage front y f moves towards the neutral axis (y = 0). The ε f − ε r -value determines not only the first damage but also the successive one and controls the I c /I c0 -ε B relation, as indicated by equations (10) and (11).
Relation of the unifying parameter ε f −ε r to the damage front y f at ε B < ε B,irr
Within the present work, the case where the damage extends only in the tensile region above the neutral axis is taken for modeling. As shown later (sections 4.1, 4.2 and 4.3), the reported distribution of I c /I c0 in the bending strain range up to 1% is described well by such a modeling. If the bending strain is raised further beyond 1%, the compressive region below the neutral axis will be damaged, too, as has been observed in the other fabrication route samples at high bending strains [22] . In such a case, this approach is not applicable in its present form. It should be modified to incorporate the additional damage process in the compressive side.
As shown schematically in figure 6 , when the bending strain (ε B ε B,irr ) is raised from ε B,i to ε B,i+1 (i corresponds to 0.4, 0.6 and 0.8% in the round robin test (figure 3)), the damage front y f moves from y f,i to y f,i+1 , resulting in reduction of the cross-sectional area of the current transporting Bi2223 filaments and therefore the critical current.
From equation (10), the unifying parameter ε f − ε r is expressed by
The term y f /(t/2) is the ratio of the damage front to the half thickness of the sample, expressing the relative location of the damage front. Equation (12) indicates that, if ε f − ε r is high, the damage front (y f,i in figure 6 ) is high and the area of the damaged region (area of the core between y sc,max and y f,i in figure 6 ) is small. Thus a high ε f − ε r -value gives high critical current. Equation (12) also indicates that high bending strain is needed to cause damage at a given location (y f,i ) if ε f − ε r is high.
In section 3.4 below, the I c /I c0 -ε B relation for a constant ε f −ε r will be presented for reference. Such a constant unifying parameter analysis cannot describe the I c /I c0 -ε B behavior for each sample and the distribution of I c /I c0 , but it can describe the average I c /I c0 -ε B behavior of a number of samples, as will be shown in section 4.1.
The ε f − ε r -value is practically different from sample to sample and from location to location in the sample, due to which heterogeneous damage evolution takes place. The varying unifying parameter analysis will be presented in section 3.5, and the statistics of the unifying parameter will be applied to the experimental results in sections 4.2 and 4.3 for a description of the critical current distribution. Figure 7 shows the schematic representation of the damage extension with increasing ε B , under (a) a constant and (b) varying unifying parameter ε f − ε r . The y sc,max in figure 7 refer to y sc,max (R) and y sc,max (S) for models R and S, respectively. The damage front y f moves from y sc,max at ε B,irr to y f,i and y f,i+1 at the increased bending strain ε B,i and ε B,i+1 , respectively. Under the assumption that only the undamaged Bi2223 filaments in the core transport the current, I c /I c0 is equal to the ratio of the cross-sectional area of the surviving (undamaged) region S surviving (−y sc,max y y f ) to that of overall core S overall (−y sc,max y y sc,max ). Denoting the width of the core as W sc as shown in figure 6 ,
Modeling for estimation of the I c /I c0 -ε B relation under a constant unifying parameter
The value of y sc (>0) in equation (13) is given by equation (1) for model R and by (5) and (6) for model S. Using equation (13) and taking the damage evolution under a constant unifying parameter shown in figure 7(a) into consideration, we can calculate the variation of I c /I c0 with increasing bending strain ε B for models R and S, as follows.
Model R.
In the case of model R in which the shape of the core is approximated to be rectangular (figures 2(a) and 6), equation (13) is reduced to
The terms y f /(t/2) and y sc,max /(t/2) are the relative locations of the damage front and outermost point of the core in the thickness direction, respectively. As y sc,max /(t/2) in model R is 0.679 for a VAM1 sample, the I c /I c0 can be calculated as a function of relative damage front location, y f /(t/2), as shown in figure 8 . The y f /(t/2) is dependent on ε f − ε r and ε B (equation (10)). Combining equation (10) with equation (14), we have
(15) In this way, I c /I c0 for ε B ε B,irr is expressed as a function of ε B for a given ε f − ε r in model R. For ε B ε B,irr , I c /I c0 is 1 (unity). 
Model S.
For model S, the procedure to calculate I c /I c0 under a constant unifying parameter has been presented in our preceding work [33] . The outline is as follows.
I c /I c0 is calculated as a function of y f /(t/2), by substituting equations (5) and (6) into equation (13) . The result for model S is also presented in figure 8 . The damage initiates at y sc,max (R)/(t/2) and y sc,max (S)/(t/2) in models R and S, respectively, in figure 8 . As ε B,irr is given by equation (11) , ε B,irr in model S is lower than that in model R since y sc,max (R) < y sc,max (S). It is noted that the difference in the I c /I c0 -ε B relation between models R and S is large in the range I c /I c0 > 0.85. However, for the range I c /I c0 < 0.85, both models give nearly the same result. Thus the measured I c /I c0 -ε B relation at the relatively high bending strain range can be described in a similar manner by both models, as will be shown in section 4.3.
I c /I c0 in model S is expressed as a function of y f /(t/2) (equation (13), figure 8 ). y f /(t/2) is expressed as a function of ε f − ε r and ε B (equation (10)). Thus, if the value of ε f − ε r is known in advance, I c /I c0 can be calculated as a function of ε B . If the ε f − ε r -value is not known in advance, it can be estimated from the experimental result of the I c /I c0 -ε B relation, as will be shown in section 4.1.
Modeling for estimation of distribution of I c /I c0 at each bending strain under varying unifying parameter
The damage extent is different among the test samples, and, even in a sample, the damage evolution is dependent on location as, in practice, the strong and weak regions coexist. In this subsection, such a case is formulated by using figure 7(b) in which the damage extension with increasing ε B , under varying unifying parameter ε f − ε r , is schematically presented. The first damage takes place at y = y sc,max at ε B = ε B,irr . Denoting the ε f − ε r -value at y = y sc,max as (ε f − ε r ) irr , ε B,irr is calculated by substituting ε f − ε r = (ε f − ε r ) irr and y f = y sc,max into equation (11) . The damage front y f moves from y sc,max at ε B,irr to y f,i and y f,i+1 at the increased bending strain ε B,i and ε B,i+1 , respectively. The relation of I c /I c0 to the ε f − ε r -value at ε B (>ε B,irr ) is given as follows for models R and S.
Model R. I c /I
c0 is 1 (unity) up to ε B,irr . The damage front moves from y sc,max (R) to the inner core region with increasing ε B (>ε B,irr ). When ε B is raised from ε B,irr to ε B,i , the damage front moves from y sc,max to y f,i ( figure 7(b) ). Denoting the unifying parameter as (ε f − ε r ) i at ε B,i and referring to equations (10) and (15), we have
The relation among the bending strain ε B,i , damage front y f,i /(t/2) and (ε f − ε r ) i -value, given by equation (16), holds for both model R and model S.
Model S.
In model R, as the shape of the core is simplified, the key formula could be derived as shown above. However, in model S, the shape of the core is complex, so a numerical calculation is needed. Substituting equation (16) into equation (13), we have
where y sc is given by equations (5) and (6) . As the value of (ε f − ε r ) i is different from sample to sample, I c /I c0 is also different from sample to sample. When the distribution function of (ε f − ε r ) i is estimated, the distribution of I c /I c0 at ε B,i is calculated.
Results and discussion
Description of the measured change of average I c /I c0 with ε B based on the constant unifying parameter analysis
First, the average values of I c /I c0 of 33 samples at ε B = 0-1.0% were analyzed by the constant unifying parameter analysis for models R and S. The result is shown in figure 9 . ε f − ε r = 0.25% was the best fit value to the experimentally measured (I c /I c0 ) ave -ε B relation in model S. The following features are read in figure 9 .
(1) The bending strain-dependence of (I c /I c0 ) ave is described well by ε f − ε r = 0.25%; namely, while the I c /I c0 -values of the samples are different from each other (figure 3), the average behavior is described well by a unique ε f − ε rvalue. This suggests that the ε f −ε r -value essentially plays a dominant role in the determination of I c /I c0 , and the distribution in I c /I c0 among the damaged samples can be attributed to the distribution of ε f −ε r -values (and therefore the distribution of the damage front y f (equation (10))).
(2) The irreversible strain ε B,irr was estimated to be 0.29% (model S) and 0.37% (model R) by equation (11) for ε f − ε r = 0.25%. The difference in irreversible strain between models R and S is large. Model R gives an overestimation due to the simplification of the shape of core. (3) Apart from the I c /I c0 -ε B relation near the irreversible strain, the difference between models S and R is small. In the range ε B > 0.5, corresponding to the range I c /I c0 < 0.85 for ε f − ε r = 0.25%, both models give practically the same results. Such a result stems from the feature that the relation of critical current to the damage front location of model R is very close to that of model S for the range I c /I c0 < 0.85, as has been shown in figure 8 . As model R is simple, it can be a useful tool for analysis of the result in the high bending range 0.6-1.0%, as will be shown in detail in section 4.3.
Description of the distribution of I c /I c0 based on the varying unifying parameter analysis (model S)
As stated in section section 1, the value of ε f − ε r is used as a unifying parameter under the given geometry. Accordingly, the influence of the deviation of geometry of each sample from the employed model is included in the estimated distribution of the unifying parameter ε f − ε r . On this point, the present approach is empirical. However, as shown below, the present unifying parameter approach can, to a large degree, describe the measured distribution of critical current. In the test, the bending strain ε B was raised in steps of 0.2%. The average irreversible bending strain was 0.29% ( figure 9 ). Beyond 0.4%, all samples were damaged ( figure 3) . Hereafter, the results for ε B = 0.4-1.0%, at which all samples were damaged, are analyzed based on the heterogeneous damage model using the varying unifying parameter ε f − ε r for model S. Figure 10 shows the measured distribution of the critical current I c /I c0 at the bending strain ε B = (a) 0.4, (b) 0.6, (c) 0.8 and (d) 1.0%. The distribution of I c /I c0 among 33 samples is described in a following manner.
Substituting the measured I c /I c0 -value of each test sample at each bending strain, equations (5) and (6), and S overall (= 0.646 mm 2 ) into equation (13), we obtained the corresponding value of y f /(t/2) for model S at each bending strain ε B . The result is presented in figure 11 . From the y f /(t/2)-ε B relation in figure 11 , the damage extension amount {y f /(t/2)} during the increase in ε B from ε B,i to ε B,i+1 , expressed by
was also estimated, as shown in figure 12 . Evidently, the damage extension behavior is different among the samples and also, even in a given sample, the damage extends largely in some applied strain ranges but slightly in other ranges. If the distribution function of (ε f − ε r ) i -values is known in advance, the distribution of I c /I c0 can be calculated by substituting y sc (given by equations (5) and (6) in model S) and the known value of S overall into equation (18) . However, (ε f − ε r ) i will be obtained and its feature will be revealed in section 4.2.1, and the distribution of I c /I c0 will be calculated by combining the obtained distribution function of (ε f − ε r ) ivalues with equation (18) and will be compared with the experimental results in section 4.2.2. (16) which holds both for models R and S, we obtained the (ε f − ε r ) i -value. The result is presented in figure 13 . Figure 14 shows the average, standard deviation and coefficient of variation of the (ε f − ε r )-values. The following features are read from figures 11-14.
Distribution function of ε
(1) While the bending strain-dependence of (I c /I c0 ) ave is well described with a unique value (ε f −ε r = 0.25%) (figure 9), the location of the damage front (figure 11), damage extension ( figure 12 ) and ε f − ε r -value (figure 13) are widely distributed among the samples. These results mean that the damage behavior is different from each other, but, on average, the damage front extends as if ε f − ε r is a constant. (2) Even in a given sample, the ε f − ε r -value varies with increasing ε B . This means that high and low ε f −ε r regions coexist, while the average of ε f − ε r -value, (ε f − ε r ) ave , is kept constant at 0.25% (figures 9 and 14(a)). (3) The standard deviation and coefficient of variation of the ε f − ε r -value increases with increasing bending strain ε B (figures 14(b) and (c)). This means that the higher the bending strain, the more widely is the ε f − ε r -value distributed, while (ε f − ε r ) ave is kept constant. Such a phenomenon corresponds to the situation that the damage front location is more widely distributed at higher bending strain. Namely, the difference in damage front location among the samples is enhanced at high ε B .
The distribution of the ε f − ε r -value is formulated as follows. As the average ε f − ε r -value, (ε f − ε r ) ave , was nearly constant (0.25%) at any bending strain ε B , the distribution of ε f − ε r -values normalized with respect to the (ε f − ε r ) ave -value at the corresponding bending strain range, (ε f −ε r )/(ε f −ε r ) ave , was taken. The distributions of (ε f − ε r )/(ε f − ε r ) ave at ε B = 0.4-1.0% are presented in figure 15 . Evidently, the distribution of (ε f − ε r )/(ε f − ε r ) ave becomes wider at higher applied strain, which corresponds to the increase in coefficient of variation of ε f − ε r with increasing ε B in figure 14(c). As will be shown in section 4.2.2, such a statistical feature of ε f − ε r is reflected in the increase in coefficient of variation of I c /I c0 with increasing ε B ( figure 4(c) ). As the damage species in Bi2223/Ag composite tape, transverse (perpendicular to the applied tensile strain) fracture of the filaments, longitudinal (parallel to it) fracture in the filaments and interfacial debonding (delamination) between Bi2223 and Ag have been observed [22, 25, 27] . Among the damages, the transverse fracture gives a stress concentration on the neighboring filaments and therefore it acts to enhance further the transverse fracture of filaments [25, [34] [35] [36] . On the other hand, the longitudinal fracture in the filaments and interfacial debonding act to reduce the stress concentration and therefore act to suppress the transverse fracture of the filaments [25, 34, 36] . Thus, depending on the species of the damage that happens in the sample (and in the region in a given sample), the damage front extension amount becomes different. The present result, showing that the difference in ε f − ε r value among the samples becomes large at high ε B , suggests that the difference in extent between the transverse fracture and longitudinal fracture (plus interfacial debonding) becomes large at high ε B .
For a description of the strength distribution of materials, the Weibull distribution [37] has been used widely. This function has also been applied to describe the overall critical current distribution [29, 31, 32] and the critical current distribution at weak links [38, 39] . The applicability of this function to the description of the distribution of the unifying parameter is examined as follows.
According to this function, the cumulative probability F in the two-parameter form is expressed by
where ε 0 and m are the scale and shape parameters, respectively. Equation (20) is rewritten in the form
When ln ln{(1 − F) −1 } is plotted against ln{ε f − ε r )/ (ε f − ε r ) ave } (Weibull plot), the m-and ε 0 -values can be estimated from the slope and by extrapolation. Figure 16 shows the result of the Weibull plot. High linearity between ln ln{(1− F) −1 } and ln{(ε f − ε r )/(ε f − ε r ) ave } is found, indicating that the distribution of (ε f − ε r )/(ε f − ε r ) ave obeys the Weibull function. The estimated values of m and ε 0 are presented in figure 17 . The distribution of (ε f − ε r )/(ε f − ε r ) ave is calculated by substituting the estimated m-and ε 0 -values in equation (20) and converting the cumulative probability F to the probability density f . The calculation result is presented with the solid curves in figure 15 , describing well the distributions of (ε f − ε r )/(ε f − ε r ) ave . (18) and (20), and substituting y sc given by equations (7) and (8) 
Distribution of I c /I
Application of model R to the distribution of I c /I c0 at high bending strains
As has been shown in figure 9 , model R is not accurate near the irreversible strain, but can give almost the same results as model S for high bending strain (0.6, 0.8 and 1.0%). This means that model R is available for description of distribution of I c /I c0 at high bending strain. When model R is used, the concrete form of the distribution function is obtained as follows.
In model R, I c /I c0 is expressed by equation (17), in which (ε f − ε r ) i is distributed, obeying equation (20) . Substituting (ε f − ε r ) i = {2(I c /I c0 ) − 1}ε B,i {y sc,max /(t/2)} derived from equation (17) into equation (20), we have
Equation (22) indicates that I c /I c0 is expressed by the three-parameter Weibull distribution.
The value 0.5 in equation (22) is the minimum I c /I c0 value within the present figure 18 with the solid lines. The experimental results are well described. This result again demonstrates that model R, which is simple and is easy to calculate, is also a useful tool for estimation of the distribution of I c /I c0 at high bending strain (0.6-1.0%). It is noted that model R can also be used to estimate the distribution of the unifying parameter since the I c /I c0 − y f /(t/2) relation is practically the same for model S for I c /I c0 < 0.85 (ε B > 0.5%), and therefore the employment of model R results in the same distribution of the unifying parameter as that of model S for I c /I c0 < 0.85.
Distribution of irreversible strain ε B,irr and critical current distribution at the bending strain near ε B,irr,ave at which the non-damaged and damaged samples coexist
Model S can describe the I c /I c0 -ε B relation near the irreversible strain but not model R, as has been shown in figure 9 . In this subsection, first, the distribution of the irreversible bending strain ε B,irr will be estimated by using model S in section 4.4.1. It will be shown that ε B,irr is also widely distributed. Such a result suggests that, at the bending strain near ε B,irr,ave , some samples with lower ε B,irr than ε B,irr,ave are damaged but not the others with higher ε B,irr than ε B,irr,ave . In section 4.4.2, the distribution of critical current at the bending strain near ε B,irr,ave at which non-damaged and damaged samples coexist will be discussed. 
Distribution of irreversible bending strain ε B,irr . ε B,irr
is expressed by equation (11) . The distribution of ε f − ε r is given by equation (20) . Combining equations (11) and (20), we have
Here, we approximate that the cumulative distribution of ε f − ε r -values at the onset of damage in equation (11) is given by the distribution of ε f − ε r -values estimated at ε B = 0.4%, which is the nearest bending strain to ε B,irr,ave = 0.29% within the present work. Under such an approximation, the corresponding values of (ε f − ε r ) ave , ε 0 and m are 0.253, 1.06 and 8.61, respectively, as has been shown in figures 14(a) and 17. Substituting these values, together with the known values y sc,mas (S) = 0.117 mm and t/2 = 0.135 mm, into equation (23) , and converting the cumulative probability F to the probability density f , we have the distribution of ε B,irr , as shown in figure 19 .
The calculated ε B,irr is distributed from 0.15 to 0.4%. The average of ε B,irr is 0.29%, the same as that in figure 9 . The calculation result in figure 19 implies that around 2.4% of the sample has lower ε B,irr than 0.2% and all samples are damaged when the bending strain exceeds 0.4%. In the round robin test, the I c /I c0 -values at ε B = 0.2% of some samples are actually lower than 1 and also all samples are damaged at ε B,irr = 0.4%. In this way, the calculated average and lower and upper bounds of ε B,irr account fairly well for the measured I c /I c0 -values at ε B = 0.2 and 0.4%. Until now, an estimation method for the distribution of the irreversible bending strain has not been developed. The present unifying parameter approach could be a clue for the development of an estimation method from the statistical viewpoint. figure 19 means that some samples have been damaged but not the others at the bending strain near ε B,irr,ave . As the next step, the distribution of I c /I c0 at ε B = 0.3%, which is near to the average ε B,irr (0.29%), was calculated to deduce the percentage of damaged samples and the extent of reduction in I c /I c0 . In the calculation, the samples with ε B,irr 0.3% were treated to have I c /I c0 = 1. The I c /I c0 -value of the samples with ε B,irr < 0.3% was calculated in a same manner to section 4.2.2 by using the aforementioned values of (ε f − ε r ) ave , ε 0 and m obtained at ε B = 0.4%.
Distribution of I c /I
The calculation result is presented in figure 20 . Around half of samples have the lower ε B,irr than 0.3% (figures 19 and 20) but others have higher ones. Accordingly, among many samples, around half of the samples with ε B,irr lower than 0.3% are damaged at ε B = 0.3%, whose I c /I c0 is lower than 1 (unity), while around half of the samples with ε B,irr higher than 0.3% are not damaged, retaining the initial current (I c /I c0 = 1). The I c /I c0 of the samples with ε B,irr lower than 0.3% ranges from around 0.9 to 1.0 ( figure 20) . It is noted that the average of I c /I c0 values, (I c /I c0 ) ave , at ε B = 0.3% is calculated to be 0.987, which is slightly lower than but close to 1 (unity). These results mean that, from the statistical viewpoint, there are surely low I c /I c0 samples, but (I c /I c0 ) ave is not reduced so much at ε B = 0.3%. With increasing ε B , the samples with higher ε f − ε r are also damaged. At ε B = 0.4%, all samples are damaged since ε B,irr of all samples is less than 0.4% ( figure 19 ). At ε B = 0.4%, the average I c /I c0 is reduced to 0.929, which is clearly detected (figure 9). In this way, by employing the distribution of the unifying parameter, the distribution of the irreversible strain as well as the change of average and distribution of I c /I c0 with increasing ε B could be described.
As shown above, the present unifying parameter approach could describe the measured distribution of critical current of a VAM1 sample. However, it is unknown whether the present form is applicable also to the experimental results of the other fabrication-route composite tapes or not. For application, it is noted that, while the two-parameter Weibull distribution function was most suitable for formulation of the unifying parameter of a VAM1 sample, it may not be most suitable for other fabrication-route samples. In such a case, a threeparameter or multi-modal Weibull distribution function, or any other suitable function, could be employed, depending on the statistical feature of the unifying parameter values. Once such a function is found, the procedure in the present work can be utilized for a description of the distribution of the critical current and prediction of the distribution of the irreversible strain.
Conclusions
(1) A modeling study was carried out to provide a description of the distribution of the critical current of bent multifilamentary Bi2223/Ag/Ag alloy superconducting composite tape, in which the shape of the superconducting core and a unifying parameter corresponding to the difference between the intrinsic tensile damage strain and residual strain of the Bi2223 filaments along the sample length were incorporated. The heterogeneous damage evolution was expressed by the statistics of the unifying parameter, from which the distribution of the critical current was formulated. of the unifying parameter with the relation of the damage front location to the critical current, the distribution of the critical current value was described well. (d) The model, in which the cross-section of the superconducting core is approximated to be rectangular, gives an overestimation for the irreversible strain, but it is also a useful tool for the description of the critical current-bending strain relation for high applied strain regions. (e) Based on the analyzed results, it was shown that the distribution of irreversible bending strain is wide. Also it was shown that the distribution of critical current near the average irreversible strain is wide, but the average value is not reduced so much.
